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Abstract. Wc conduct the multifractal analysis of self-afSne measures for "al- 
most all" family of affine maps. Besides partially extending Falconer's formula 
of L'^-spcctrum outside the range 1 < q < 2, the multifractal formalism is also 
' partially verified. 

cn ■ 
< 

1. Introduction 

d ', Multifractal analysis in M aims at describing the geometry of Holder singularities 

for positive Borel measures. Specifically, given a compactly supported positive Borel 
measure fi on M"^, one is interested in the Hausdorff dimensions of the level sets 

>: Ei^^,a)■.= \xeR'^■.\nn^^^^^^ = a] (« > 0), 

l/^ . where Br{x) stands for the Euclidean closed ball with radius r centered at x. Ac- 

^ ! cording to heuristic arguments developed by physicists [23, [2H] , in presence of self- 

^ ' similarity, one should have 

(1.1) dim^H Eijji.a) = miiaq — rijji.q)), 

(a negative dimension meaning that -E'(/i, a) = 0) where r(/i, ■) is the L'^-spectrum 
^ ■ defined as 

H: / n . logsupEj/^(^r(a;i))^ 
, r(/i, gj = limmr , 

r-5>o log r 

the supremum being taken over all families of disjoint balls {Br{xj)}j with radius r 
and centers Xj G supp(/i). 

When equality (11. ip holds, one says that the multifractal formalism holds for /i 
at a. So far the multifractal structures of the so-called self-similar measures and 
more generally self-conformal measures and Gibbs measures on self-conformal sets 
or conformal repellers have been studied intensively, the validity of the multifractal 
formalism being observed over wide or even maximal ranges of exponents a for large 
subclasses of these measures (see, e.g., [IIl|45l|8l[10l|4ll|43l|4i|40l[371|46ll^ 
[261 EH |33] and the references in [26]). 
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Much less is known for self-affine measures (to be defined below), except when 
they are supported on self-affine Sierpinski sponges, or on invariant subsets of such 
sponges satisfying specification property [361 1121 IH El [32]. However, for such mea- 
sures, one knows that in general the previous multifractal formalism fails, but a 
refined one (which is more related to Hausdorff measures and introduced indepen- 
dently in [6] and [H]) holds. This is closely related to the fact that the Hausdorff 
and box dimension of self-affine Sierpinski sponges do not coincide in general. 

This paper studies the validity of the multifractal formalism for "almost all" self- 
affine measures. First of all, let us recall the definition of self-affine measures. Let 
5*1, ... , Sm : M'^ — M*^ be a family of contracting mappings. Such a family is known 
as an iterated function system (IFS). It is well known [22] that there exists a unique 
non-empty compact set F C M'^, called the attractor of the IFS, satisfying 

m 

F = [jS,{F)- 

1=1 

Moreover, for any probability vector (pi, . . . ,pm) (that is, Pi > and ^^^Pi = 1), 
there exists a unique Borel probability measure /i supported on F such that 

m 

1=1 

Here are affine transformations, in which case, F is 

called a self-affine set, and fi is called a self-affine measure (self-similar measures 
correspond to the particular case where the Si are similitudes). In particular, we 
let Si = Tj + flj where Ti,...,Tm are non-singular contracting linear mappings 
and ai,...,am are translation parameters. In [13] Falconer obtained a formula 
for the Hausdorff dimension and box-counting dimension of the attractor of the 
IFS {Ti -\- aj}^i for almost all parameter (ai, . . . , am) G M.'^'^ in the sense of md- 
dimensional Lebesgue measure, under an additional assumption that ||Tj|| < 1/3 for 
all i; these dimensions coincide. Later, Solomyak [17] proved that the assumption 
||Ti|| < 1/3 for all i can be weakened to ||Tj|| < 1/2 for all i. 

In [15], Falconer obtained the formula of the L^-spectrum of the self-aflfine measure 
associated to the IFS {Ti + ai}^^ and the probability vector (pi, . . . ,pm) for 1 < g < 
2 and almost all ( ) G R , still in the sense of mrf-dimensional Lebesgue 

measure and under the assumption ||Tj|| < 1/2 for alH. 

Before stating Falconer's formula, let us first introduce some definitions. Let T 

be a non-singular linear mapping from M'^ to M'^. The singular values ai > 02 > 

• • • > arf of T are the positive square roots of the eigenvalues of T*T. 
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Definition 1.1. [T3] The singular value function (f)'^{T) is defined for s > by 

tti . . . ak-ial"'''^^ , if k - 1 < s < k < d, 

In particular, set (f>^{T) = 1. 



Fix a probability vector {pi, . . . ,pm) and non-singular contractive linear trans- 
formations Ti, . . ., Tm from M"^ to M'^. For a = (ai, . . . , a^) E M""^, let denote 
the self-affine measure associated with the IFS {Tj -|- Cj}™! and (pi, . . . ,Pm)- For 
/c G N, we write for brevity := {l,...,m}^. For / = ii...ik G S^., denote 
T/ := o . . . o Ti^, := • • .pi^. For g > 0, define 
(1.2) 

( (q-l) inf {s>0: ^^=1 E/eE, < oo} , if < g < 1, 

D{q) = { 0, ifg = l, 

[ (g - 1) sup > : Er=i E/eE, (0^^))'-^? < oo} , if g > 1, 

and 

(1.3) = | (?-l)min{f^,rf}, ifg^l, 

[ 0, if g = 1. 

We remark that D and r are continuous and piecewise concave over (0, oo). More 
precisely, D and r are concave on (1, oo), they are also concave on the subintervals 
Jk of (0, 1), A; = 0, 1, ... , d, where = {g g (0, 1) : D{q)/{q -1) e {k,k + l)} for 
k < d-1 and = {g G (0, 1) : D{q)/{q - 1) > d} (see Appendix . Hence the 
one-sided derivatives of D and r exist for any g > 0. 

Now Falconer's result can be stated as follows. 

Theorem 1.2 ([15]). // ||Ti|| < 1/2 for all 1 < i < m, then for C""^-a.e. a G M""^, 
the L^-spectrum of fi'^ is 

r(/i",g)=r(g), 1< g < 2. 

In [15], Falconer raised some open problems, for instance, how to extend the above 
formula outside the range 1 < g < 2 and how to analyze the multifractal structure 
of /i** for £'"'^-a.e. a G M™'^. The main purpose of this paper is to study these 
problems. 

Our main result is the following. It will be completed with some results for g > 2 
in section [6] (see Theorems I6.2tl674l) . 

Theorem 1.3. Assume that \\Ti\\ < 1/2 for all 1 < i < m. Let q G (0, 2), q ^ 1. 

(i) Let a G {-D'(g— ), Z^'(g+)}, where D'{q±) denote the one-sided derivatives 

of D at q. Assume that < g < 1, D{q)/{q — 1) < 1 and aq — D{q) < 1. 
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Then for C"^'^-a.e. a G M™'^, T{^^,q) = T{q) = D{q), and furthermore, 
a) ^ and 

dimn E{fi^, a) = aq — T{q). 

(ii) Let q G (1,2). Assume that one of the following two conditions fulfils: 

(CI) d < 2, Ti (i = 1, . . . ,m) are of the form T-i = diag{ti^i, ti^2, • • • , ^j,d) with 

1 

2 > > k2 > ■ ■ ■> U,d > 0; 

(C2) d> 1 and Ti = . . . = Tm = diag(ti, ^2, ■ ■ ■ ,td) with 

1 

->ti>t2>...>td. 

Assume furthermore that D{q)/{q — 1) G {k,k + 1) for some integer < 
k < d — 1 (in this case a := D'{q) exists) and aq — D{q) G {k,k + 1). 
-Ifk = 0, then for C""^-a. e. a G M""^, E(/i^, a) ^ and 

dimj:/ E{fi'^, a) = aq — T{q). 

-Ifk>0, then for C^'^-a. e. a G M""^, ^(/i^, a) ^ and 

di\m.H E_{[i^ ^ a) = aq — T{q), 

where E{fi'',a) := |x G : liminf.^o '"^^1^;/''^^ 



a 



We remark that the functions r and D can be determined exphcitly in the case 
(C2) in Theorem II ■3( ii). 



Example 1.4. Assume that Ti = T2 = . . . = = diag(ti, ^2, ■ ■ ■ ,td) with 

1 

->ti>t2> ...>td. 
Denote A{q) := {T.ZiPIY^^'^'^^ ■ Then by Definitions (^-1^, for q>0, 



D{q) 
D{q) 



log Y1T=ip1 

logti 



^fA{q)>tl, 

log(ti ...tk) 



+ {q-l){k 



logtfc+i V logtfc+i 

if ti . . . tk+i < A{q) < ti . . .tk for some 1 < k < d — 1, 



[ d{q-l) if A{q) <ti...td. 
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Remark 1.5. We remark that in Example \l-4\ > ^'{q^) those points 

q G (0, 1) such that A{q) = ti . . .tk for some G {1, 2, . . . , d — 1}. Indeed, if such q 
exists, a direct calculation shows that 

using the strict convexity of the function x t— log^™^pf on (0, oo) and q < 1; 
therefore r is not concave on any neighborhood of q. In this case, Falconer's formula 
T{^^,t) = T{t) in Theorem \l.^ can not be extended to all t G (0, 1), because T{fi'^,t) 
should be concave overM.. A right formula for T{^^,t) is expected. 

The paper is organized as follows. In section [2], we present some definitions and 
known results about the sub-additive thermodynamic formalism; we also present 
some known dimensional results about the projections of ergodic measures on typical 
self-affine sets. In section [3l we give a formula for the derivative of D[q) using the 
sub-additive thermodynamic formalism. In section HI we show that for a class of self- 
affine IFS on M*^, any associated self-affine measure is either singular or equivalent 
to the restricted dimensional Lebesgue measure on the attractor. In section [5] 
we prove Theorem 11.31 and related results. In section El we prove an extension of 
Falconer's formula for the L'^-spectrum and give some complement to Theorem 11.31 
In section [7] we give further extensions of our results. In Appendix |A] we provide a 
proof of the concavity of the functions r and D over (1, cxo), as well as a proof of 
their concavity over the subintervals intervals of (0, 1) over which D{q)/{q — 1) lies 
between two consecutive integers of [0,(i]. 



2. Preliminaries 



2.1. The sub-additive thermodynamic formalism. In this subsection, we present 
some definitions and known results about the sub-additive thermodynamic formal- 
ism on full shifts. 

Let m > 2. Let (S, a) denote the one-sided full shift space over the alphabet 
{1, . . . , m} (cf. [7]). Let A^(S, a) denote the collection of a-invariant Borel proba- 
bility measures on S endowed with the weak star topology. For 77 G A^(S,cr), let 
/i^(ct) denote the measure-theoretic entropy of 77 with respect to a (cf. [7]). 

A sequence \1/ = {V^nj^i of continuous functions on S is said to be a sub-additive 
potential if 

^^„+m(a;) < ^„(x) + V x G S, m, n G N. 

More generally, = {^/'n}^]^ is said to be an asymptotically sub-additive potential 
if for any e > 0, there exists a subadditive potential $ = {</)„}^]^ on S such that 

limsup — sup |^/'„(a;) — 0n(a^)| < e- 
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Now let = {ipn}'^=i be an asymptotically sub-additive potential on S. The 
topological pressure P{<t, of \i/ is defined as 



where := {1, . . . , m}" and [I] = {x = {xi)°Zi G S : Xi . . . x„, = /} for J G 
For ?7 G A1(E, a), set 



The following variational principle was proved in [9l [21] in a more general setting. 
Proposition 2.1. P{a, ^) = sup{/i^(a-) + ^^*(?7) : ?7 G A^(S, a)}. 

We remark that the variational principle for sub-additive potentials has been 
studied in the literature under additional assumptions on the corresponding sub- 
additive potentials (see e.g. [HI [5l |25l 135]). 

Let X(^f) denote the collection of 77 G A^(S, a) such that 



Then X(\E') 7^ (see e.g., Theorem 3.3]). Each element of X(^l/) is called an 
equilibrium state for ^. 

Lemma 2.2 ([21], Theorem 3.3(i)). X(\E') is a non-empty compact convex subset of 
A^(S,cr). Moreover, any extreme point ofI{^) is an ergodic measure on S. 

We end this subsection by mentioning the following property of for a proof, 
see [211 Proposition A.l(2)]. 

Lemma 2.3. The map : A^(S, cr) — )■ R U {— C)o} is upper semi- continuous. 

2.2. Projections of ergodic measures on typical self-afRne sets. In this sub- 
section, we introduce a result of Jordan, Pollicott and Simon [31] for self-affine IFS, 
which plays a key role in the proof of Theorem 11.31 

Let m > 2 and Ti, . . . , be non-singular linear transformations from M'^ to M'^. 



For a = (ai, . . . , am) G M™"', let vr*^ : S — )■ M'^ be the coding mapping associated 
with the IFS {Ti + aj^i, that is. 



where Si := Ti -\- a^. It is not hard to see that vr'^(S) is just the attractor of the IFS 
{Ti + Oil^i. For s > and r/ G A^(S, a), set 



P(cr, \E') := limsup — log 





/i,(a) + ^,(7/) = P(a,^). 



(2.1) 



7l'^{x) = lim S'a;i O S'x2 o . . . O ^^^(O), 



(2.2) 
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where T^in '■= Tx-^...Tx„ for x = (xj)"^^ G S and denotes the singular 

value function (see Definition II .ip . Since 0'^ is sub- multiplicative in the sense that 
(f)'{AB) < (f)'{A)(f)'{B) for any d x d real matrices A, B (cf. [El Lemma 2.1]), the 
limit in ( 12.2^ exists. The following definition was introduced in [31] in a slightly 
different but equivalent form. 

Definition 2.4. For an ergodic measure t] on S, the Lyapunov dimension of rj 
(associated with Ti, . . . ,Tm), denoted as dim^y 77, is defined by dimiYV = ■s, where 
s is the unique non-negative value so that h^{a) + (f)'l{ri) =0. 

Let us give another definition. 
Definition 2.5. Let ^ he a Borel probability measure on W^. 

(i) The Hausdorff dimension of ^ is defined as 

dim^ ^ = inf {dimj:^ F : F dW^ is Borel with ^{W^\F) = 0}. 

(ii) Say that ^ is exactly dimensional if there is a constant c > such that 

limi^4^^ = c for^-a.ezeR'. 

r-5-O log r 

It is well known [50] that if is exactly dimensional, then dim// C, = c. Now we 
can state the following projection result of Jordan, Pollicott and Simon [3T] . 

Theorem 2.6 ([31]). Assume that ||Tj|| < 1/2 for 1 < i < m. Let rj be an ergodic 
measure on S. Then for C^^'^-a.e a G W"'^, 

(i) dim// ?7 o (tt*^)"^ = min{dim/^y ?7, d}. 

(ii) If dimLYV £ [0, 1], then 77 o (vr**)^^ is exactly dimensional. 

(iii) If dimiYV > d, then r] o (tt'^)^^ ^ C""^. 

We remark that Theorem 12. 6( ii) was only implicitly proved in [311 Theorem 4.3]. 
(Indeed, in the proof of [ST] Theorem 4.3, p. 534], one notices that A^ = Q for small 
e > and all n in the case that dim/^y 77 G [0, 1].) 

We don't know whether 77 o (tt**)"^ is exactly dimensional for almost all a when 
dim/,y7/ > 1. There are only some partial answers. In [17], Falconer and Miao 
proved that this is true in the special case that 7/ is a Bernoulli product measure or 
a Gibbs measure. However if Ti, . . . , are commutative, then rj o (vr*^)"^ is exactly 
dimensional for any ergodic measure 7/ and any a G MJ^"^ (cf. [231 Theorem 2.12]). 

3. A FORMULA FOR THE DERIVATIVE OF D{q) 

Assume that Ti, . . . , are contractive non-singular linear mappings from Mf^ to 

M.'^, and let (pi, . . . ,pm) be a probability vector. Let D{q) be defined as in (11. 2p . It 
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is not hard to see that for g > 0, g 7^ 1, D{q) is the unique value s G M so that 
(3.1) hm - log V (/.^/(«"^)(T/)^-V/ = 0. 

n— s-on r) < ^ 



Define / G C(E) by 

/(x) = logp^, for X = {xi)Zi e E. 
For g > 0, g 7^ 1, assume that 

^3 2) { (1 - log ^''(^^/(^-'^ (^xin) }r=i is an asymptotically 

sub-additive potential on S. 

Then by (13. ip . -D(g) satisfies the following equation 

(3.3) P((T,G,) = 0, 

where P denotes the pressure function (see section [2]), Gq := {gn,q}'^=i is a potential 
defined by 

(3.4) g^^qix) = (l-g)log0^('^)/(«-^)(T.|„) + g^/(cr'=x), 

A;=0 

By the assumption fl3.2p . Gg is asymptotically sub-additive. 

Remark 3.1. (i) The assumption fl3.2p always holds when < g < 1, since (p^ 
is sub-multiplicative for any s > in the sense that (j)'^{AB) < (f)^{A)(f)'^{B) 

(cf. m)- 

(ii) When q > 1, (13. 2p holds if Ti, . . . ,Tm satisfy some additional assumption, 
for instance, all Ti are the same, or each Ti is of the form 

Ti = diag{ti^i, ti^2, ■ ■ ■ , U,d) with ti^i > ti,2 > • • • > > 0. 

By (13. 3p and Proposition 12.11 we have 
Lemma 3.2. Let g > 0, g 7^ 1. Assume that (13. 2p holds. Then 

= sup |/i,(a) + (l-g)0f (r/) + g J fdr,: r/ G 7W(S, cr)| . 

where 0^(-) is defined as in i\2.2\) . Moreover, 

/i,(a) + (l-g)0f('')/(^-i)(r/) + g J fdT] = 0, Vr7GX(G,), 

where T{Gq) denotes the collection of the equilibrium states of the potential Gq (cf. 
Sectzon\2l\). 

For 7] G A^(S, cr), denote 



(3.5) Xi{r]) := lim / logai(Tj.|„) dri{x), 

n—^co J 



1,...,C?, 



where ai{A) denotes the i-th singular value of A. We write Ao(?7) = for convention. 
It is easy to see that \i{ri) = (pXirf) — (p^^^ijf) for 1 < i < In particular, if 
s G [k^k + 1) for some integer Q < k < d — 1, then 

(3.6) 0:(r/) = Ai(r/) + . . . + Afc(r/) + [s - fc)Afc+i(r/) = ct>l{r^) + [s - k)Xk+i{v). 

Lemma 3.3. Let rj be an ergodic measure on S. Then for rj-a.e x E T,, 

logai(Tj;|„) 
lim = Ai(?7), i = l,...,d. 

n— >oo n 

Proof. Let s > 0. Since is sub-multiplicative, by Kingman's sub-additive ergodic 
theorem (cf. [49l Theorem 10.1]), 

log0'(T,|n) <st ^ r ^ ^ 

lim ■ — = (p^[ri) for rj-a.e. x G L. 

Now Lemma [3.31 follows from the fact that log a j (A) = log0*(A) — log0*^^(A) for 
z = l,...,d. □ 

In the following proposition, we give a formula for the derivative of D{q). 

Proposition 3.4. Let q > 0, q ^ 1. Assume that ([32]) holds. If ^ e {k,k + 1) 
for some integer < k < d — 1, then 

D'i,-) > sup U^Z^ + k, 

^^^^ '?6X(G,) M+i{V> 

D'i,+)< inf mzm+k. 

r,&X{G,) Xk+liv) 

In particular, if in addition D' {q) exists, then 

(3^8) D'(,)^ ll'^'-ff +k, V,.I(G,)^ 

Proof. First fix 77 G X{Gq). By (13. 6p . we have 

(1 - qW^^'^^'-'Kr,) = (1 - g)(0^(r/) - kX^^M) " ^(g)Afc+i(^). 
Combining this with Lemma 13.21 yields 

(3.9) -D{q)Xk+i{ri) + qA + B = Q, 
where 

A := j fdr] - (P'liri) + kXk+M. B := h^{a) + 0^(r/) - kXk+iiv)- 

For small e G M, apply Lemma 13.21 (in which q is replaced by g -|- e) to obtain 

(3.10) - D{q + e)Xk+M + {q + e)A + B <0. 
Substracting (13. 9p from (I3.10p yields 

{D{q)-Diq + e))Xk+M + ^^<0- 
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Hence 

D(q + e)-D{q) ^ A 

< 1-^ ir e > 0, and 

e Afc+i(r/) 

£(i±i)^>_L_ if,<o. 

Letting e — 0, we obtain 

D'{q+) < ^ ^. , and D\q-) > ^ 



Letting t] run over X{Gq), we obtain (13. 7p . It implies that if D'{q) exists, then fl3.10p 
holds. □ 

As the main result of this section, we have 
Proposition 3.5. Let q > 0, q ^ 1. 

(i) IfO<q<l and^ E (0, 1), then 

(3.11) D {q-} = sup , , , , D (g+) = mf . 

„ex(G,) Ai(r/) ^6X(G,) Ai(r/) 

Furthermore, for a G {i5'(g+), -D'(g— )}, i/iere exists an ergodic measure 
Tj e 1{Gq) such that a = "x^- 

(ii) Assume that Ti (i = 1, . . . ,m) are of the form 

(3.12) Ti = diag{ti^i, ti,2, • • • , 



with tj 1 > ti^2 > ■ ■ ■ > ti fi > 0. If k < < + 1 for some integer < k < 
d — 1, then D'{q) exists and there exists an ergodic measure t] G I{Gq) such 
that then 

(3.13) D\q) = II^^L^^ + k. 

Proof. We first prove (i). Assume that < g < 1 satisfying that D{q)/{q — 1) G 
(0,1). By continuity, there exists a neighborhood A of g so that A C (0,1) and 
D{t) /{t — 1) G (0, 1) for any t G A. Let (g„) C A be a sequence so that lim„_5.oo qn = 
q. Take rjn G I{GqJ. By (l3l3l) . {GqJ^{r]n) + V(o") = 0. Taking a subsequence if 
necessary we may assume that ?7„ converges to some r] G A^(S, o") in the weak-star 
topology. We claim that rj G 1{Gq) and limsup„^o^ Ai(?7„) = Ai(?7). 

To prove the claim, we notice that the map /i i-> Ai(/i) is upper semi- continuous 
on A^(S, a). This follows from Lemma [2l3l in which we take \1/ = {log0^(Ta;|„)}^^. 
For t G A and /i G A^(S, a), by fl3^ . we have 



{Gt)M = -D{t)\M+t j fdfi. 
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Hence 



limsup(G9„)*(?7„) = -D{q)\imsupXi{r]n) + q fdr] 

n— >oo n— >oo J 

< -Diq)\^irj) + q [ fdrj={GMv)- 



Meanwhile lim sup^^o^ (cr) < /i,,(cr) by the upper semi-continuity of /i(.)(cr). It 
follows that 

{Gq)*{v) + hrjia) > limsup((Gg„)*(r/„) + hrjM) = 0- 

However, by Proposition 12.11 and (13. 3p . = P{a,Gq) > {Gq)^{vi) + h^^a). Hence we 
have {Gq)^{r]) + hr^{a) = = {Gq^)^{7]n) + hr,^{a). Thus 77 G X{Gq), and moreover, 
limsup„^o^ Ai(r/„,) = Ai(r/). 

Since -D is concave in a neighborhood of g (see Proposition lA.ip . we can take 
two sequences (s^), {tn) such that Sn q, tn ^ q and D'{sn), D'{tn) exist. Then 
D'(g-) = \mvn^^D'{sn) and D'(g+) = lim^^oo /^'(tn). Take r/^ G X(aj. Tak- 
ing a subsequence if necessary, we may assume that 77^ converges to some rj G 
A^(S,cr) in the weak-star topology. By the above claim, we have 77 G I{Gq) and 
limsup^^oo Ai(?7^) = Ai(?7). Hence by Proposition 13. 4[ 

D'{q-)=\im D'{s^)=\im 



n.->oo n.-^oo Ai(?7[,) Ai(77) 



Combining this with (13. 7p yields D'[q—) = sup^jg2:(Q^) aI^^' Similarly we can show 
that D'{q+) = inf,ex(G,) 

Now let a G {D'(g-), D'(g+)}. Define 

The arguments in the last paragraph imply that la 7^ 0- Furthermore one can check 
that is compact and convex. We are going to show that contains at least one 
ergodic measure. Without loss of generality, we assume that a = D'{q—). By the 
Krein-Milman theorem (c.f. [T2l p. 146]), la contains at least one extreme point, 
denoted by u. Let z/ = pui + (1 — p)h'2 for some < p < 1 and Ui, 1^2 G A^(S, cr). 
Then 

P{a,Gq) = K{a) + {Gq)M=P{KA(y) + {GqUv{)) + {l-p){K,{a) + {GqUv^)). 



By Proposition 12.11 z/i, z/2 G I{Gq). Since 

//rfr/ //di^ pjfdvi + {l-p)jfdv2 
Oi — sup = = — ^ 

»76X{G,) Ai(r/) Ai(z/) pAi(z/i) + (1 -p)Ai(i/2) ' 

we must have z/i, 1/2 G X^. Since z/ is an extreme point of Xq,, we have vi = U2 = 

It follows that v is an extreme point of A1(E,(t), i.e., v is ergodic. Therefore Xq, 

contains an ergodic measure. This finishes the proof of (i). 
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Now we turn to the proof of (ii). Under the additional assumption fl3.12p on Tj's, 
we can adapt the proof of (i) to show that if D{q)/{q — 1) G {k,k + 1) for some 
0<k<d-l, then 

(3.14) D [q-) = sup + k, D = mf — + k. 

Indeed, under this new assumption on Tj's, we see that the potential Gq = {gn,q} 
is additive in the sense that gn,q = J21=o ^(■^) some continuous function h on 
S. Moreover, h{x) depends only on the first coordinate of x. Therefore the maps 
/i A/c(yu), fi are continuous over Ai{T,,a). Based on this fact, (13 .Mp 

can be proved in a way similar to that of (i). We ignore the details. Since h{x) 
only depends on the first coordinate of x, h is Holder continuous. Therefore X{Gq) 
is a singleton consisting of an ergodic measure (see, e.g., [H Theorem 1.2]). This 
together with (I3A4D proves fl313ll . □ 

Remark 3.6. Assume that Ti, i = 1, . . . ,m, satisfy the following irreducibility con- 
dition: there is no proper subspace V ^ {0} of M.'^ so that Ti{V) C V. Then (j)^ 
satisfies certain quasi-multiplicative property which guarantees that X{Gq) is a sin- 
gleton (and hence D'{q) exists by Proposition \3. 5^ i)) provided that < q < 1 and 
G (0, 1). More generally, when < q < 1 and G {k,k + 1), D'(q) exists if 
Ti, i = 1, . . . ,m satisfy the so-called C{k-\-l) condition introduced in [IB] . This can 
be proved in a way similar to [22l Proposition 1.2], or by simply using [2TI Theorem 
5.5]. 



4. Equivalence of certain self-affine measures to the Lebesgue 

MEASURE 

Let {Si = Tj + flj}^! be an affine IFS on M*^ with the attractor F. Assume that 
C^iF) > 0. Let Cf denote the restriction of on F, i.e., Cj^{A) = C^iA n F) for 
any Borel set A C M*^. 

Let TT = Tr** : S M°' be defined as in (12. ip . Let r/ G A^(S, a) and /i = 77 o tt^^ 
Say that Cp is equivalent to fi if for any Borel set A C M*^, jCp{A) = if and only if 
fi{A) = 0. 

The main result in this section is the following. 
Proposition 4.1. Assume that one of the following conditions fulfills: 

(i) d < 2 and all Ti are diagonal; 

(ii) d> 1 and Ti = . . . = T^. 

Assume that rj is ergodic satisfying 

rj{B) > =^ r]{iB) > for all 1 < i < m 
12 



for any Borel set B C T,, where iB := a ^{B) fl [i]. Then fi is either singular to Cp, 
or equivalent to Cp. 

We remark that a variant of Proposition 14.11 was first proved by Mauldin and 
Simon [38] for linear IFS and Bernoulli product measures rj on M. Here, we will 
extend some idea in [3S] to setup our result for certain affine IFS on M.'^. 

First we introduce some notation. Suppose i? is a rectangle in Mf^ parallel to the 
axes, i.e. R has the form 

d 

R = Y\[^i ~ '^ii + '^«]' where > 0. 



i=l 



For t > 0, we denote 



Also we denote 



tR = Y\[^i~ ^^i^ + 



i=l 



\R\\ = max a,. 

l<i<d 



Lemma 4.2. Suppose {Ri}i^jr is a countable family of rectangles in with edges 

sup - Il-Rjil 

parallel to the axes. Assume that — — — < oo. Then there exists a partition 

mfj\\Rj\\ 

{J^i,J^2} of such that for i = 1,2, there exists Ti C J-i satisfying that 
Rj (j G J-i) are disjoint, and \^ MRj D [J -Rj, 

sup J- \\Rj\\ 



where M = 3 



infj \\Rj\ 



Proof. For convenience, for each rectangle R (with edges parallel to the axes), we 
use ai{R), z = 1, 2, to denote the length of the semi-axes of R along the Xj direction. 

Partition J-" into 

J'l = {j E T : ai{Rj) = ||-Rj||} and 

^2 = T\Ti = {jeT: ai{R,) < a2{Rj) = \\Rj\\}. 

Without loss of generality we prove the result for the case i = 1. For j E J^i, denote 
J-'i(j) = {j' G J^i : Rj n Rj/ 7^ 0}. Also denote a = sup^^jr^ a2{Rj). 

Choose J^l a maximal family in J^i such that the rectangles Rj, j G J^l are 
disjoint, and for each j G ^1 we have a/2 < a2{Rj) < a. By construction, for each 
ji G J^l we have 

MR{j,)D [j R„ 

i6J"i(ii) 
13 



so 

U MR{j,) D U U ^^'^ U 

jeJ^iUi) jeTi: a/2<a2{Rj)<a 

the last inclusion follows from the maximality of J^l. 

Suppose that for > 1 we have built a subfamily J-'f of such that the rectangles 
Rj, j G J-'f , are disjoint and 

(4.1) U MRU,) D \J \J R,D U Rj. 

If there is no j G J^i such that a2{Rj) < or [Jj^^jrk J-'i{jk) = J^i, we set 

J-'i'^^ = J^i- Otherwise, let J-'f be a maximal subfamily of = ^-"1 \ Uj^,gjrfe J^iijk) 
of disjoint rectangles for which a'/2 < a2{Rj) < a', where a' = sup^/^jr/ a2{Rj') < 
a/2''. Then setting J^^+^ = U F[' we have 

U MRiJ,^^)D U U U 

This yields by induction a non- decreasing sequence of subfamilies J-'f of J-*! such 
that the Rj, j G -Ff, are disjoint and satisfy (14.11) . Consequently J^i = IJfc>i'^f is 
suitable. □ 

Lemma 4.3. Let R be a rectangle in M.'^. Let {Rj}j^jr be a countable family of 
rectangles so that each Rj is a translation of R. Then there exists M (depending on 
d ), such that there exists T d T such that 

Rj {j G J-") are disjoint, and MRj D -Rj. 

Proof. It is easy to see that if RidRj ^ then 2Ri D Rj. Taking M = 2 and letting 
J-" be a maximal disjoint subfamily of J-", we are done. □ 

Proof of Proposition I4.lt We first show that fi is either singular or absolutely 
continuous with respect to Cp (this actually holds for all IFS rather than affine 
IFS). This fact is known when 77 is a Bernoulli product measure [30l [29]. Now 
we consider the general case that rj is an ergodic measure. Assume that n is not 
absolutely continuous with respect to Cp. Then there is a Borel set A C -F such 
that C^iA) = but fi{A) > 0. Define W = -k'^A). Then ri{W) = fi{A) > 0. 
Since 77 is ergodic, we have ?7 (U^i '^~'^^) = 1 (cf- [IHl Theorem 1.5(iii)]). Denote 
W := U^=iC^""W^- Then 



n=l l<ii,...,i„<m 
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Since Si, . . . , Sm are contractive, we have C'^{Si-^,,,i^{A)) < C^^A) = 0, and thus 
£rf(7r(W?)) = 0. However, /i(vr(W?)) = 7] o Tv-\7r(W)) > t]{W) = 1. Hence fx is 
singular with respect to Cp. Up to now we have shown the claim that /i is either 
singular or absolutely continuous with respect to Cp. 

Assume that the conclusion of Proposition 14. 1 1 does not hold. Then fi is absolutely 
continuous with respect to Cp, but Cp is not absolutely continuous with respect to 
fi. Hence there exists a Borel set A C F with Cp{A) > 0, but fi{A) = 0. 

Note that /i satisfies the following relation for all /c > 1: 

from which we obtain that for any 1 < ii,i2, ■ ■ ■ ,ik ^ "m, 

rf{[z,---z,]na^'n~\S7\^^{A)) = 
and thus '7(7r^^(S'~^ j^(yl))) = (by the assumption on rj). Hence 

Denote 

oo 

A=(U U SrUiA))uA 

k=l l<ii,i2,...,iki^'m- 

Then //(A) = 0, but £^(A) > 0. 

In the following, we will show that Cp{F \ A) = 0, which leads to \ A) = 
(since /i ^ Cp), and thus fi{F) = /i(A) + /i(F \ A) = 0, a contradiction. Denote 
A^ = F \ A. Then Si{A^) C A'^ for all 1 < i < m. 

Assume on the contrary that Cp{A'^) > 0. 

For < r < 1, define 

Ar = |iii2 . . .ifc e S* : ||5'i,„iJ| < r, ||5'i,...i^_J > rj, 

where S* = [j'^^^il, . . . ,my . 

Without loss of generality, assume that F is contained in the unit cube C = [0, 1]°' 
in M'^. 

Let X G -F. Denote 

Ar,x = {/ e A : Br{x) n Sl{F) ^ 0}. 

Then 

B,v-M^ U ^^(^)- 

Suppose that the assumptions of Proposition 14.11 are fulfilled. Then by Lemmas 14.21 
and 14.31 there exists a constant M > 0, a partition {Al^,Al^} of Ar,x, and for 
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z = 1, 2, a subfamily A'^^ of A'^^ such that 

Si{C), I & Al^, are disjoint and 
U MSj{C)D [j Sj{C). 



Therefore, 



and 



' J. ™ J. 



Denote c = — ^^^-^ — . Summing the above inequahty over i G {1,2} and using the 
subadditivity of we get 

(4.2) 2C'(^ U 5,(A^))>c£^( |J Sj{C)) >cC'(^ [j Si{F) 

I&Ar,x I&Ar,x I&Ar,x 

If x is a Lebesgue density point of F, then when r is sufficiently small, 

/:'^(s,(x)nF)> V, 

hence 

(4.3) C'(^ U Sr{F))>C'^(^Br{x)n [j Sj{F))>K'. 

I&Ar,x IeAr,x 

Thus 



I&Ar,x I&Ar,x 

> U Sj{F)) {hym 



IeAr,c 



> -r . ( by 



Consequently, every Lebesgue point of F is a point of density in A'^. This implies 
that E \ A'^ has zero measure, i.e. A has zero Cp measure, contradicting the 
assumption Cp{A) > 0. 
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5. The proof of Theorem 11.31 

First we consider the most general case that Ti , . . . , are non-singular linear 
mappings from M'^ to M'^ satisfying ||Tj|| < 1/2 for 1 < -i < m. 

The following lemma was proved by Falconer (see [151 Theorem 6.2 (a)]). 

Lemma 5.1 (Theorem 6.2 (a) of [15]). Let q > 0, q ^ 1. For all a G M™'^, we have 
T(/i^g)/(g-l)<r(g)/(g-l). 

Definition 5.2. For any Borel probability measure ^ on M"' and z G supp{^), the 
local upper and lower dimensions of ^ at z are defined respectively by 

d[t,,z) :=limsup , a(4, z) :=limmr . 

r-5>o logr r-^-o logr 

If d{^,z) = d{^,z), we use d{^,z) to denote the common value, and call it the local 
dimension of ^ at z. 

Lemma 5.3. For any /3 G M and q > 0, 

dimniz G M'^ : rf(/i^, z) < /3} < /3q - t^h"", g), 
where we take the convention dimji/0 = — oo. 

Proof. The lemma actually holds for any compactly supported Borel probability 
measure on W^. It can be proved by using a simple box-counting argument. For 
details, see e.g., Proposition 2.5(iv) in [H]. □ 

Lemma 5.4. Let a G R'"'^. For any Borel set A d and any ii,...,in G 
{l,...,m}, 

/x^(A)>p.,...p.„/i-((5.,o...o^,J"i(A)). 
Proof. Iterating the self-similar relation fi^ = '^ILiPif^^ ° for n times, we have 

where the sum is taken over all tuples (ji, . . . ,jn) G {1, . . . , m}"'. Now Lemma 15.71 
follows. □ 

Proposition 5.5. Let Ti, . . . , be non-singular linear mappings from M°' to M'^ 
satisfying \\Ti\\ < 1/2 for 1 < i < m. Let q G (0,1) and a G {D'{q-),D'{q+)}. 
Assume that D{q)/{q - 1) < 1 and aq - D{q) < 1. Then for C^'^-a.e. a G W"^ , 
T{n^,q) = T{q) = D{q), E{jJ^,a) ^ and furthermore, 

(l\mH a) = aq — T{q). 
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Proof. Since D{q)/{q — 1) < 1 < d, by (11. 3p . we have r(g) = D{q). Let a G 
{r'(g+), r'(g— )}. Then by Proposition I3.5( i). there exists an ergodic measure r] G 
1-{Gq) such that 



(5.1) a 

This together with (13. 9 p yields ag — ^iq) = ^ttt- Since aq — T{q) < 1 by assump- 



a\-l 



Ai(r/) 

■Ai(r?) 

tion, due to (15. ip and Definition 12. 4[ we have 
(5.2) dim^y r] = aq — T{q) < 1. 

Take a e M""^ so that rj o (vr*^) ^ is exactly dimensional and dimj^ rj o [ji 
aq — T{q). By Theorem 12. 6[ the set of such points a has the full mcZ-dimensional 
Lebesgue measure. Take a large R so that -8(0, R) contains the attractor of the IFS 
{Si = Tj + flj}^!. (Here and afterwards, we also write B{z,r) for Br{z).) Then for 
any x = {xi)'^i G S and n G N, by Lemma [5.71 we have 

3^ /i" {B (7r^a:,2i?||T..|„||)) > (^S^^^B (vr^x, 2i?||T.|„||)) 

> p^ln /i''(5(0,i?)) = p^ln, 

where in the second inequality we have used an easily checked fact 

S,\niBiO,R)) C B{n''x,2R\\T,\4). 

By (15. 3p . we have 

d(/i'*, n^x) < limsup - — , x G S. 

n-s>oo log ||Ta::|„,|| 

By Kingman's sub-additive ergodic theorem and (15. ip . we have 

- f f dv 

(5.4) din'', TT^'x) < \ \ ' = a for r/-a.e x G E. 

Take an strictly increasing sequence (a„) so that lim„_i.oo an = a. Then by Lem- 
mas 15.3115. 11 for each n, 

(5.5) dimniz G M°' : rf(/i'^, z) < a„} < a„g - r(/i'', g) < ag - r(g). 

Since t] o (tt**)"^ is exactly dimensional and dim//?] o (vr**)"^ = aq — T{q), we must 
have 

(5.6) r, o (71*^)-^^ G M'' : c^(/i^ ^) < «„} = 0, n = 1, 2, . . . ; 
for otherwise if the left-hand side of (15. 6p is greater than 0, then 

dim^l^ G : rf(/i'^, 2) < an} > dimn r] o (tt*^)""^ = ag - r(g), 

which contradicts (15. 5p . Hence 

7/ o {n'^y^z G M'^ : d(/i^, z) < a} = 0. 
18 



Equivalently, we have 

r]{x e S : d{n'^, tt'^x) < a} = 0. 
This combining with (15. 4p yields 

ri{x e S : tt'^x) = a} = 1. 

Hence 

dimniz G R'^ : c?(/i'^, z) = a} > dim^ 7] o (tt"")"^ = ag - r(g). 

However by Lemma [5731 aq — T{fi'^, q) is an upper-bound for the left-hand side of the 
above inequality, therefore we must have aq — T(/i'*, q) > aq — T{q). But by Lemma 
15.11 we have T{fi^,q) > T{q) (noting that q < 1). Thus we have the equalities 
T{fi^, q) = T{q) and 

dimniz G : d(/i'^, z) = a} = aq - T{q). 
This finishes the proof of Proposition 15. 5[ □ 

In the reminder part of this section, we shall put more assumption on the linear 
maps Ti [1 < i < m). 

Proposition 5.6. Assume that one of the following two conditions fulfills: 

(i) d <2, Ti (i = 1, . . . ,m) are of the form 

Ti = diag{ti^i,ti^2, ■ ■ ■ ,U,d) 

with \ > ti^i > ti^2 > . . . > ti,d > 0; 

(ii) d> 1 and Ti = . . . = T^ = diag(ti, ^2, • • • , td) with 

1 

->ti>t2> ...>td. 

Let q G (1, 2). Assume that there exists an integer k G {0, . . . ,d — 1} such that 

D{q)/{q -I) e {k,k + 1) and aq - D{q) e {k,k + 1), 
where a = D'{q). 

• lfk = 0, then for C""^-a.e. a G R""^, ^(/i**, a) ^ and 

dimff E{fi^, a) = aq — T(g). 

• lfk>0, then for C""^-a.e. a G M™"', E{fi'', a) 7^ and 

dimn Kif''^ y a) = aq — r{q). 

Proof of Proposition [3751 First consider the case that /c = 0. In this case, we can 
take a proof essentially identical to that of Proposition [5]5l The main difference lying 
here is that we directly assume that r(/i'^, g) = T{q) (since q G (1,2), by Theorem 
11.21 the set of all such a has the full mci-dimensional Lebesgue measure). 
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Next we consider the case that 1 < k < d—1. Let fi denote the Bernoulh product 
measure rii^ill'i) • • • yPm} on S. Since g > 1 and D{q)/ (g — 1) > k, by Lemma [3T2| 
we have 

h^{a) + (1 - q)<p'M + q [fdf,< h^{a) + (1 - g)0f (^^/(^"^H/i) + q [fdfi<0. 



Hence /i^t(cr) + (1 — g)0j(/i) + g / fd^ < 0, thus h^{a) + > (noting that 

/ fdn = —h^{a)). By Definition 12 ■4[ we have 

(5.7) dim^y fi > k. 

By Proposition I3.5( ii). there exists an ergodic measure on S such that 

a = + k. 

Afc+i(^) 

This together with (13.91) yields 

Since by assumption aq — D{q) G {k,k + 1), by Definition 12. 4[ we have 

(5.8) dim^y r] = aq — D{q) > k. 

Let Sfc be the canonical projection from M'^ to M'^ defined by {yi,y2, . . . ,yd) ^ 
(l/i, ...,yk)- For a = (ai, ...,0^)6 M™"', denote 

nl := Ek o n''. 

It is easy to see that vr^ is the coding map associated with the new IFS {Tj + 
Ek{ai)}^i, where Tj = diag(ti, . . . , tfc). According to fl5.7p - fl5.8p . we have also 
dim^y/i > k, dimLYV > ^ (associated with {Tj}^]^). Thus by Theorem 12. 6[ for 
£""^-a.e a G M'"'^, both 77 o (vr^)"^ and /i o (7r^)~'^ are absolutely continuous to the k- 
dimensional Lebesgue measure, and hence by Proposition l4.lt ?7o(7r^)~^ ^ fio(^Tr^)^^ 
(since fi o (tt^)"^ is equivalent to the restriction of on F'^, where = 7r'^(S)). 

Now fix a = (ai, . . . , a^) G M™*^ so that r] o (vr^)""^ and fi o (vr^)""^ are equivalent 
and T{n^,q) = T{q). We have the following. 

Lemma 5.7. Let £ = dianiF^, where F^ = 7r'^(S). For any 6 > 0, we have 
ri{As) = 0, where 

:= |x G S : fJ^{B{Tx'^x, Vdiak+i{T^\n)) < Px\nexp{-n(j)'^{r]) + nkXk+i{r]) - 6n) 
for all large enough n|. 
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We will give the proof of the above lemma a little bit later. Now we use it to 
complete the proof of Proposition 15.61 Since ri{As) = 0, we have for ?7-a.e. x & X, 

log(/i'^(E(7r'^x, y/diak+i{T^\n)) ^ log(Px|n exp(-n0^(?7) + nk\k+i{r]) - 5n)) 
logak+i{T^\n) ~ logaA..+i(T2.|„) 

for infinitely many n. Then applying Kingman's sub-additive ergodic theorem and 
letting (5 — > 0, we obtain 

(' f d'^ — 

diii^, Ti^x) < \- k = a for ri-a.e x G S. 

This plays a similar role as f l5.4p in Proposition 15.51 To complete the proof, we can 
use the same argument as in the proof of Proposition 15.51 (the only difference lying 
here is that we already have the equality T(/i^, q) = T{q).). □ 



Proof of Lemma \5. 7[ For z = {zi, . . . , z^) E M. and ti, . . . , > 0, denote 



W{z]ti, ...,td):= Y[[zi-ti,Zi+ti], W{{zi, . . .,Zk)]ti, ...,tk):= JJi^i-ti^ ^i+U- 



i=l 



In particular, for r > 0, denote Qr{z) := Y[t=i[^i ~ '"j + is clear that 

(5.9) Qriz) C B{z,Vdr), V 2 G r > 0. 

Now fix (5 > 0. Denote 

A' ■.= \^xeE: /i"(Qto,^,(r,|„)(7r"x)) < p,.|„exp {n{l + S){kXk+M - ^tiv))) 
for large enough n|. 

By (15. 9p . we have As C A'. Hence to show ri{As) = 0, it suffices to show that 
r]{A') = 0. 

Notice that for any x G S and G N, 

^^^(Qto,+i(T,|j(7r"x)) 



TTA I an ^"fc+l(^x|n) ^afc+l(^a:|n) iak+l(T^\n 

D W [ n a X- 
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It follows that 
(5.10) 

> Px\n /i*" (-^^KQtofe+iCT^iJ (tt^'x))) (by Lemma E3> 

— Px\n l^k X*^^ I ^k^ "''I 



ai(Ta:|„) ' a2{T^\n) ' ' afc(Ta;|„ 

here we write for brevity /i^ := /i o (tt^)^^. 

For n G N, let f2„ denote the set of x G S such that 



^k+l{Tx\n] 



> exp(j(l + 5/2){\k+M - Ai(r/))), V 2 = 1, . . . , A;. 



Then by Lemma 13731 lim„_5.oo ^fljln^i) ~ 
Furthermore denote 
= ja; G S : (^5(7r''x, v^£afc+i(T^|„) j < p^|„exp (n(l + 6){k\k+i{r]) - (f^l 
Un,i = exp (n(l + 5/2)(Afc+i(?7) - Ai(?7))) , i = l,...,k. 
C„ = |x G S : /i^(H^(7r^a'^x; Un,i, • • • , Un,fc)) < exp(n(l + S){k\k+i{v) - (ptiv))) 

By flSTTOj) . we have ft C C„. 

To complete our proof, we need some further notation. For n G N, denote 

T^n ■= I J^[/iiMn,i/2, {hi + l)Un,i/2) : hi, . . . , hk E . 

Clearly, Tin is a partition of M} by rectangles of edge lengths . . . , For any 
w G M'^, let Rn{w) denote the element in TZn that contains w. Notice that for any 



C\R) = n = exp(n(l + S/2){kXk+M - 
1=1 

It follows that ii w E 7r^(S) satisfies 

k)) < exp {n{l + S){k\k+iiv) - 0'(^))) , 

then 

< C\Rn{w)) exp {n5/2{k\k+M - 0^(r/))) = C\Rn{w))P' 
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where /3 := exp{6/2{kXk+i{r]) - 0j (??))) G (0, 1). It follows that 
where 

in which the union is taken over the collection of R E TZn so that R D vr^(S) ^ 
and fil{R) < C^{R)P''. Note that 

(5.11) /i^(r„)< C\R)f5''<(2Efp\ 

where £ = diam(F'*). Meanwhile A'^nVLn C C„ and C„ C o—^'o (7r^)"i(r„,), we have 

<nfi„ca-"o(7r,-)-i(r„,). 

By the invariance of 77, we have rj{A^ fl r2„) < ri{a~" o (7r^)^^(r„)) = 77 o (7r^)~-'^(r„). 
Since rj o (tt^)^^ < /i^ and limn^o nl{Tn) = (by (15. lip ), we have lim^^oo r]{A'^ fl 
Qn) = 0. Therefore 

lim r] ( n(A' na) I =0. 



Note that nr=„^;- c (nr=„(A;- nfi,)) u (s\ 0^=^ ^0, andnm^^^r/ (n;i„^- 

1. It follows that v{r\T=n^'j) = and 

(00 00 \ 
n=l j=n / 

as desired. □ 
Proof of Theorem \1.3\ . It follows directly from Propositions I3.5ll5.5tl5^ □ 



6. Extension of Falconer's formula for q > 2 and complements to 

Theorem 11.31 

Let Ti, . . . , Tm be non-singular linear transformations from to and (pi, . . . , pm) 
a probability vector. For a = (ai, . . . , a^) G R™'^, let /i** denote the self-affine mea- 
sure associated with the IFS {Tj + flj}^! and {pi, . . . ,pm)- We begin from the 
following lemma. 

Lemma 6.1. Suppose that ||Tj|| < 1/2 for all 1 < i < m. Then, for every q > 2, 
for C^'^-a.e. a G M'""', we have T{fi'^,q) > mm{{q — l)u{q),d), where 

00 

(6.1) u{q) = sup {s > : ^ ^ (0'^""^^^/))"^? < ooj. 

fc=o /eSfc 
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Proof. Fix q > 2. Let s G {0,d/{q — 1)) so that s{q — 1) is non-integral. We adapt 
an idea used in |T] for determining the L'^-spectrum of projected measures. Fix 
p > and e G (0,1). Let B{0,p) stand for the closed ball of radius p centered 
at in M""^. Let /i denote the Bernoulli product measure on S with the weight 
(pi, . . . ,Pm)- Clearly pf^ = po (vr'^)"^. For r > 0, we have 



/ //i^(5(2,r))'?-M/i^(z)da= /" [ p'^iB {it" x,r)y-^dix{x) da 

Jb{0,p) J J B(0,p) Jt. 

= ( I l{|7r-y-7r-x|<r}d/i(|/)) dadfj,{x) 

JT, Jb{o,p) ^ ^ 

^ / / ( / I a a Is My))' 'dadfi{x) 

where we use Minkowski's inequality in the last inequality. By [151 Lemma 2.1], 

' -da< ^ 



for some C = C{p, s{q — 1)) > 0. Hence we have 

[ [ p''iB{z,r)y-^dp''{z)da 
Jb{o,p) J 

<c,K.-i) / n (0^(-i)(r.,,))-^/(-^)d/.(y))'~'d/.(x) 

■^^ fc=0 

« oo 

<MCr^(''-i) / (5^(0^(''-i)(T.|fc))'V(k|A:])(^-')('-^))d/i(x) 

"^^ fc=0 

(by Holder's inequality) 

oo 



A;=0 /eSfe 

(g-2)/(g-l) 



where M = sup^.^^ ( Er=o /^([^l^])'^'"^^^^''"^^ < 

Now, let < si < Sq. Set 7 = (sq — Si)(g — 1). Given e' > 0, for each / G S* such 
that /i([/]) > 0, we have 



24 



where c = mini<j<mPj. Suppose that e' is so small that 2^'''c^'^' < 1 and set e = 
e'/(g — 1). If So < mm{u{q) , d / {q — 1)) and Si{q — 1) is not an integer, we deduce 
from the above estimates that 

/ //i-(i?(z,r))'?-M/i-(^)da 

':?o^ — ^ ^- 



This implies that for all s[ < s 



1) 



> 77 — -T da < oo, 

hence, for £'^'^-almost every a G -6(0, p), we have 

hminf-^log / f,^{B{z,2--)y~'df,^{z) > s[{q-l). 

Moreover, the left hand side in the previous inequality is nothing but T{fi'^, q). Since 
s[ and si can be taken arbitrarily close to min(M(g), d/ (g — 1)) (as long as si{q — 1) 
is not an integer) and p is arbitrary, we get the desired lower bound for T(yu'*, q). 

□ 

Let D{-) and r(-) be defined as in (]1.2p -( fTT3l) . By Lemma l6.ll we can extend 
Falconer's formula of r(/i'^, q) as follows. 

Theorem 6.2. Suppose that ||Tj|| < 1/2 for alll <i <m. 

(1) For C^'^-a.e. a G M™'^ we have r(/i^, q) = T{q) for all q in the following set 

(6.2) [2, sup{t : D{t)l{t - 1) < 1, r{t) < 1}]. 

This set is a non-empty interval for instance z/r'(l+) < 1, in which case it 
contains [2, 1 + l/r'(l+)]. 

(2) // the Ti are similitudes, then for C^'^-a.e. a G W^'^ we have r(/i'^, q) = T{q) 
for all q G [2,max{g : r(g) < d}]. 

Proof. By continuity of the functions r{fi^,-) and r(-), it is enough to prove the 
result for a fixed q and £"*'^-almost every a. 

(1) Let g be a point in the interval given as in (16.21) . Since g — 1 > 1, D{q)/{q — l) < 
1 implies that -D(g) = r(g) < 1. Thus max(D(g), D{q)/ (q—l)) < 1, so for all < s < 
D(q) and / G E* we have (I)^^'^~^\Ti) = {(p^ {Tj))'^~^ by definition of the singular value 
functions 0^. Hence (g — l)u{q) = D{q), where u{q) is defined as in (16.11) . Therefore 
r(g) = D{q) = (g — l)u(g). This gives the conclusion thanks to Lemma l6.ll and 
Lemma [5. 1[ Finally, if r'(l+) < 1 and g<l + l/r'(l+),by concavity of r we have 
riq) < r'(l+)(g - 1) < 1, and also we have r(g)/(g - 1) = D{q)/{q - 1) < 1. 

(2) Let g > 2 so that r(g) < d. Since Tj are similitudes, we have (f)^^'^~^\Ti) = 
(0"(T7))9-i for all J G S* and s > 0. By {q-l)u{q) = D{q). Since r(g) <d< 
d{q—l), we have r(g) = -D(g) = (g — l)u(g). By Lemma l6.1l T^'^{q) > min(r(g),(i) = 
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r(g) for /^"^"^-almost all a G M."^'^. This together with Lemma [5.11 yields the desired 
result. □ 



As an application of Theorem \6.2\ we have the following two theorems. 

Theorem 6.3. The conclusions of Theorem M .3^ ii) extend to those q > 2 such that 
D{q) < q — 1 and r^q) < 1. 

Theorem 6.4. Suppose that the Ti are similitudes. 

(1) For all q > 0, D{q) is the analytic solution of the equation Y^^i Pi \\Ti\\~^ = 1. 
Let gmax = max(2,max{g : r(g) < d}). 

(2) Suppose D'{1) > d. Let s = mi{D{q)/{q - 1) : 1 < g < 2}. 

• If s>d, then g^ax = 2 and for £™'^-a.e. a G M""^; 

r(/i'^, q) = d{q - 1) for all q G [0, gmax]- 

• If s < d then g^ax > 2 and for C"-'^-a.e. a G 

D{q) ifqe[q min 7 Q'maxJ j 

where gmin = inf{g > 1 : D{q)/{q — 1) < d}; moreover, the multifractal 
formalism holds for ji^ at all a G {d} U [/^'(gmax), -D'(gmin)]- 

(3) If D'{1) < d, then g^ax > 2. Let g^m = inf{g > : D'{q)q - D{q) < d}. For 
C""^-a.e. a G R""^, 

d + D{q, 



D{q) ifq^iq min 7 Qi 



Moreover, the multifractal formalism holds for fi'^ at alia G [-D'(gmax), -D(l)]. 
Also, for each a G D'(gmin)] , for C'^'^-a.e. a G W^, the multifractal 

formalism holds at a. 

Remark 6.5. (1) By [19] we know that for all a G W^'^, the self-similar measure 
fi^ obeys the multifractal formalism at each a of the form T'{fi^,q), with g > 1. 
Moreover, the measure is exact dimensional by [23], so the multifractal formalism 
holds at a = diniH ^i^- Theorem \6.4\ gives precisions on the value of the L'^ -spectrum 



and the validity of the multifractal formalism. When D'{1) > d and inf{D(g)/(g — 
1) : 1 < q < 2} < d, for C^'^-a.e. a G M™'^ the measure is absolutely continuous 
with respect to Lebesgue measure and has a non trivial L'^-spectrum. This fact is 
already noticed in [21] . 

(2) Theorem \6.4\ takes a form similar to that of the result obtained in [2] for the 



orthogonal projections of Gibbs measures on R"' to almost every linear subspace of a 
given dimension between 1 and d, when d > 2. 
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Proof of Theorem \6.'^ The proof is similar to the proof of Theorem ll.3( i). except 
that we aheady know the value of r(/i'^, q) thanks to Theorem 16 .21 □ 



Proof of Theorem \6.4\ (1) This is clear. 

(2) If D'{1) > d, then by Theorem Ol for £'"'^-a.e. a e R""^ we have r(/i^, g) = 
d{q—l) on a neighborhood of 1+; if -D'(l) = d, either D is linear equal to d{q—l), or it 
is strictly concave and still by Theorem II. 2[ for £™'^-a.e. a G M™'^ we have r(/i'^, q) = 
D{q) on a neighborhood of 1+. Consequently, in both cases t'{^^^ 1+) = rf, so since 
t{h^, ■) is concave r(/i^, 0) > —d and r(/i'^, 1) = 0, we must have r(/i'^, q) = d{q — 1) 
over [0, 1]. 

Now, ii s > d then D{q) > d{q — 1) for all q G (1,2], so by Theorem 11.21 for 
£"^'^-a.e. a G M""^ we have r(/i'^, q) = d{q — 1) = 'r(g) for g G [1,2], hence gmax = 2. 

If s < d, we have r(2) = D{2) < d{2 — 1) = d, so gmax > 2. The value of r(/i'*, ■) 
over [l,gniin) and [gmin, ^Zmax] is obtained again thanks to Theorem 11.21 

For the validity of the multifractal formalism, at a = d it comes from the fact 
that T'(yU^, 1) exists and equals d (see [39]). 

Since r(/i'^, ■) coincides with D and r over the open interval (gmin, Q'max), we can 
use [I9] and Remark 16.51 to have the validity of the multifractal formalism, for 
a.e. a G for all a G (/^'(^max), ^'(gmin))- If a = D'{q^in) = ^'(/i'', gmin+), we 

have agmin — -D(gmin) < and we can use the same proof as that of Theorem II. 3( ii) 
when k = 0, since now the singular values function (f)''^{T) simplifies to be ai(T)'^ for 
all s > and is multiplicative. We can do the same at a = -D'(gmax)- 

(3) By concavity of D, we have r(g) = D{q) < D{l){q — 1) < d{q — 1) for all 
g > 1, so gmax > 2. Moreover, by using Theorem 11.21 as above we get that for 

a.e. a G M""^, we have T{n^,q) = D{q) on [l,gmax]- The validity of the multifractal 
formalism over [D' (q^i^^) , D' {!)] is obtained as above over [D'{q^i^^), D'{q^i^]. 

The inequality -D'(l) < d also implies gmm ^ [0, 1). Moreover, if g G (gmm? 1)) by 
concavity of D, D'{q)q — D{q) < d implies that -D(g) > d{q — 1), so that r(g) = 
D[q)] consequently, by Lemma 15.11 we have r(/i'*,g) > D{q) for C"^'^-a..e. a G 
j^md^ for all g G [gmin,l)- Then, we can use the same argument as that used to 
prove Theorem ll.3( i) (noting again that the singular values function simplifies to 
be ai{TY) to get that for each a = D'{q), q G [gmin^l), we have aq — D{q) < 
dimE(/i^,L''(g)) < ag - r'^(g) <aq- D{q), for £™'^-a.e. a G M™"^. 

This yields that for C""^-a.e. a G M™^, r(/i^,g) = D{q) for all g G [gmm, 1]- Now, 
if qmin > 0, then by definition of gmm the tangent to D at (gmm, -D(gmin)) crosses the 
y-axis at (0, —d), so since r(/i'^, ■) is concave and T{fi^,0) > —d, t{^^, ■) must take 
the linear expression of the statement over [0, gmin)- D 
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7. Final remarks 



In this section we first give two remarks about the extensions of our results. 

(i) All the results presented in this paper hold if we replace the Bernoulli mea- 
sure /i by a Gibbs measure associated to a potential satisfying the bounded 
distortion property. This is due to the almost multiplicative property of such 
a measure. The corresponding expression of D{q) can be found in |15j . 

(ii) Our results can be partially extended to the projections of Bernoulli measures 
and Gibbs measures on the model of randomly perturbed self-affine attractors 
introduced in [21]. For such a construction, the condition ||Tj|| < 1/2 for all 
1 <i <m can be relaxed to ||Ti|| < 1 for all 1 < i < m. Moreover, Falconer's 
formula extends to [2, oo) [16]. Then, mimicking the proofs written in the 
present paper. Theorem ll.3( i) holds as well as Theorem ll.3( ii) for all g > 2 
under the constraint that A; = 0. We don't know whether this extension 
can pass to > 0, because it seems non trivial to transpose the arguments 
developed in Prop osit ion 14 . 1 1 and Lemma [5?7l in relation with the equivalence 
to the Lebesgue measure for the measures under consideration. In the special 
case of almost self-similar measures, the validity of Falconer's formula over 
[2, oo) implies that the results of Theorem 16.41 hold if, when -D'(l) > 1, one 
sets gmax = oo and s = mf{D{q)/{q— 1) : q > 1}. 

In the end, we point out that in a related paper [3l] Jordan and Simon studied 
the multifractal structure of Birkhoff averages on almost all self-afiine sets. 

Appendix A. Concavity properties of the functions D and r. 

It follows from the study of the L'^-spectrum of almost self-affine measures achieved 
in [16] that r is concave over (1, oo). However, this fact is not obtained directly from 
the definition of D{q). Our Theorem ll.3( i) requires concavity properties of D for 
g G (0, 1) which cannot be reached by the approach used in [16]. In the following we 
provide a proof of these properties, and for the sake of completeness, a direct proof 
of the concavity of r over (1, oo). 

Proposition A.l. The mapping D is concave over the intervals of those q ^ 1 such 
that D{q) /(g — 1) G {k,k + 1) for some integer < k < d — 1. 

Proposition A. 2. The mapping r is concave over (1, oo). 

Proof of Proposition \A.1[ It is clear from (13.11) and the fact that both pi and 0'^ 
(s > 0) are bounded away from and oo by geometric sequences that D{q) is 
continuous. So if < /c < — 1 is an integer, the set Jk of those g G (0, 1) such that 
^{q) /i.Q~^) ^ {k,k + 1) is an interval, as well as the set J[ of those g G (1, oo) with 
the same property. 
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Let us deal with J^. The case of is similar. Fix g, g' G Jk and A G (0, 1). Pick 
s,s' so that D{q)/{q- I) <s <k + l, D{q')/{q' - 1) < s' < k + 1. Then 



(A.i: 



Define 



limsup - log <P'iTiY''p'i < 0' 
limsup - log V 0"'(T7)^-V/ < 0, 



n X / (l-A)(g-l)s + A(g'-l)s' 
gA = (1 - A)g + Ag , sa = 



gA - 1 
If we prove that 

(A.2) limsup - log V (f)''(TiY~''^pf < 



then by definition of D{q\), we have 

D(gA) (l-A)(g-l)s + A(g--l)s- 
< sa = 

gA - 1 gA - 1 

for all s, s' has above, so 

/^(gA)>(l-A)D(g) + AD(g'). 
Now we prove ( 1A.2I) . By construction we have k<s\<k + l,so 

/6E„ /GE„ 

where the second inequality comes from the Holder's inequality. This together with 
flAH) yields fICT . □ 

Lemma A. 3. Lei go > 1 such that D{qo)/{qo — 1) = k for some integer k G 
{1,2, ... ,d}. Then 

<kifq>qo and < k if q < qo. 

g — 1 Q ~ 1 

Proof. First assume that g > go- To show that D{q)/{q— 1) < k, it suffices to show 
that 

(A.3) V(5 > 0, E 0^(r/)i"''p? > e"'^'^ for large enough n. 

Assume that flA.SP does not hold., i.e. there exists 6 > such that 
Y (t^^iTif'p] < e""'' infinitely often (i.o). 
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Note that Y.ieJ:^Pi = 1- Take A G (0, 1) such that (1 - A)g + A = go- Then, by the 
Holder inequahty 



-f6S„ 

i.e. 



J2 <p\TiY~'"pf < e-"(^-^) i.o., 

a contradiction with our assumption on D(go)/(go ~ !)• 

Next assume that q < go- To show that D{q)/{q — l)>k, it suffices to show that 

V(5>0, ^ ^^Tf)^^"^!)? < e""^ for large enough n. 



To see this, since D(go)/(go — 1) = ^5 we have 

(t^'iTif^'^'^pf < e""^ for large enough n. 

Take A G (0, 1) such that (1 — A)go + A = g. Then, by the Holder inequality 

^ 0fc(T^)(l-A)(l-5o)p(l-AkOpA < gn(l-A) . 



i.e. 



-A) 



/es„ 

if n is large enough, as desired. □ 

Remark A. 4. The same argument (with k replaced by any positive number s shows 
that q y-^ D{q) / {q — 1) is non-increasing on (1, 00) . 

Proof of Proposition \A.2 . Due to Proposition IA.lt it suffices to show that 

(1) If e {1, 2, . . . , - 1} for some go > 1, then L''(go+) < D'{qo-). 

qo - 1 

(2) If — = d for some go > 1, then D'(go+) < d (by Lemma IA.3t r(g) = 

rf(g- 1) if 1 < g < go). 

Let us ffist prove (1). Assume on the contrary that (1) does not hold, i.e. 
D'{qQ+) > D'{qQ—). Then there exists a small e > such that 



and 



1 1 
D{qo) < ^D{qo + e) + -D{qo - e). 



^^^<k<^^S^<k+l (byLemmara. 
go + e-1 go-e-1 
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D{qo + e) D{qo-€) ^ru f ii x ^ n 

Let si = and S2 = , qi = qo + e, q2 = qo — ^- i hen, tor all > 

go + e-1 go-e-1 
and i G {1,2}, 



(j)'''{TiY~'^'pf < e"'' for large enough n. 
By the Holder inequality, we have 

/es„ 

i.e. 

Note that 

(where ctj = aj(T/)) 
> {a,a, ■ ■ ■ a.O^-'^'^+r'^^'^'^^^'^Sr'^^'"''^^^' (using (.1 - k){l - q,) > 0) 



> (aia2---afc)'-^''«fc|f'°^+"^"'^'"''"^ (with 7 » 5) 
= (aia2 ■ ■ 

> 0'=(T/)i-''« ■ e"^' (withy>5) 
Therefore, 

^ 0^(T/)(i-'?°)|)f < e-"(^'-^) (with y > (5) 

for large enough n, a contradiction. This proves (1). 

Next we show (2). To see this, recall that D{qQ)/{qQ — l) = d and D{q)/ (q — l) < d 
if g > go- Now, since D{q)/{q — 1) is non increasing over (1, 00), either D{q)/{q — 
1) = (i in a right neighborhood of qQ, or D{q)/{q — 1) < d for all q > qQ, and by 
Proposition lA.ll D is concave on a right neighborhood of go- Thus the inequality 
D{q)/{q — 1) < (i for g > go implies D'(go+) < d. 
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